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ABSTRACT Trajectories of polymorphonuclear leukocytes which are responding to a
chemical gradient are analyzed in order to deduce probability distributions of the
angles between successive path segments. The turn-angle probability distributions thus
obtained are seen to be strongly dependent on the direction of locomotion prior to a
turn, in that cells usually turn to maintain alignment along an axis directed towards
the chemoattractant source. A mathematical model based on these observations is
developed in order to understand the relationship between net chemotactic response
and parameters characterizing stochastic movements of individual cells. In particular,
the manner in which the chemotropism index depends on details of the turn-angle dis-
tributions is examined. When bias in the direction of turn is induced by a chemotactic
field, transition from random motion to directed response occurs most abruptly if the
turn-angle distribution is narrow. "Accommodation," viz., a dependence of the mean
angle of turn upon prior orientation, is found to have relatively little effect on the
magnitude of the response.
INTRODUCTION
Polymorphonuclear (PMN) leukocytes have been shown to respond to a number of
chemotactic stimuli. Examples include factors released by various bacteria (Ward et
al., 1968), complement-derived peptides (Ward et al., 1966; Shin et al., 1968; Bokisch
et al., 1969), factors released during blood coagulation (Stecher et al., 1971), "lympho-
kines" released by sensitized lymphocytes (Ward et al., 1969), substances produced by
PMN cells, themselves, when they come into contact with certain particulate materials
such as urate crystals or aggregated -y-globulin (Phelps, 1969; Zigmond and Hirsch,
1973), and certain synthetic peptides (Schiffmann et al., 1975). Although these re-
sponses have been investigated in vitro, motivation for such studies derives from ob-
servations of granulocyte migration into regions of tissue damage as an accompani-
ment of injury or infection (see, for example, Harris, 1960; Miller, 1973; Wilkinson,
1974).
The directed response of individual cells which are moving over a surface upon
which a chemical field has been imposed is conveniently quantified by a "chemo-
tropism index." The latter, as originally introduced by McCutcheon (1923), is defined
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FIGURE I Schematic of cell locomotion. 4, is the length of the ith path segment and Hi is the angle
through which the cell turns before beginning the (i + I)st segment.
as the net path length traversed by a cell in the direction of the source divided by the
total distance traveled. Thus, in terms of the scheme delineated in Fig. 1, the chemo-
tropism index CI is given as
N
CI = l,cos (1)
where 1i is the length of the ith path segment, and spi is the angle which that segment
makes with the direction towards the source (here designated as the x axis). The
I ipI can be expressed in terms of the angles between the (i - l)st and ith segments
$iOI (see Fig. 1) according to
(Pi =
-Po + Oi+ Oi-I, (2)
where <p is the angle pertaining to the initial movement of the cell.
One virtue of using the chemotropism index as an indicator of cell motion is the rela-
tive ease with which it is determined. Time-lapse cinemicrographs are projected
sequentially, and the paths of individual cells traced. The index for each cell is calcu-
lated according to Eq. 1 and an averaged chemotropism index < CI> then is com-
puted by summing the results for all cells and dividing by the total number. Note that
the averaged chemotropism index will have the value < CI > = 1 in the event that
the cells are always moving towards the source; if, on the other hand, there is no pref-
erence for directional orientation, < CI> = 0, due to the fact that on average there
will be as many cells moving away from as there will be cells moving towards the
source.
BIOPHYSICAL JOURNAL VOLUME 16 19761172
The chemotropism index <CI> is closely related to the directed (chemotactic)
velocity Vd, the latter being given as (Nossal and Weiss, 1974a, b)
Vd = lim{tl Vi Cos Pi (3)
Suppose that the speed and duration of travel on the ith path segment are designated
as v, and ri, respectively; then, from Eq. 1 <CI > is given as
<CI > - tVd/ TV,) = Vd/< I vI >
-ao, (4)
where the term in the denominator, < v > = t' <,,i Tv,i> , is the speed of
a typical cell averaged over its entire displacement. Implicit in the derivation of Eq. 4
is an assumption that the path segments are, individually, only weakly correlated with
the total path length. (Intuitively, we expect this to be true when N becomes sufficiently
large.)
The significance of Eq. 4 is that, when expressed in this manner, the chemotropism
index may be computed from a theory which previously has been derived for relating
macroscopic response to microscopic parameters pertaining to the stochastic motion
of individual particles (Nossal, 1976; Nossal and Weiss, 1974b). Specifically, ao is given
as the solution of the infinite set of equations
[IOm+, + Om-,] - aOlm = bEb{ar - p_I(m,O, 1), (5)2 '-=-0
m =
-2,-1,0, 1 2...
where the b,I are subsidiary variables, and the coefficients Ifm j, I Pm }, and I(m, 0,1)
are derived from the probability distributions of the turn angles. A detailed discussion
of Eq. 5 and its solution appears in the Calculations section below. There, we use an
analytic representation for turning angle distributions which we deduce from pre-
viously published studies of granulocyte chemotaxis (Zigmond, 1974). In the Numeri-
cal Results section we examine different possibilities for chemotactic "triggering," and
use numerical results to infer characteristics of turn-angle distributions which would
optimize chemotactic responsiveness.
TURN-ANGLE PROBABILITIES
One of us (Zigmond, 1974) recently has used time-lapse cinemicrography to study the
manner in which horse polymorphonuclear leukocytes sense chemical gradients. Cells
were filmed as they moved in response to a chemotactic gradient generated by other
leukocytes in contact with a streak of aggregated y-globulin (Zigmond and Hirsch,
1973.) 30 cells were selected at random and their trajectories analyzed in detail from
measurements of turn angles and path lengths (distances between turns).
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Although the probability distribution for run-lengths JTJ in general might be a
function of a cell's orientation when moving in the field (see, for example, Berg and
Brown's [1972] studies of chemotactic bacteria), such did not seem to be the case for
leukocyte chemotaxis. However, a strong correlation existed between the direction of
a turn and a cell's prior orientation, so that the cells tended on the average to align
themselves along the axis directed towards the source. In addition, a weak correlation
was found between the magnitude of the turns and the cell orientations.
Here, we present the results of some further analysis of the trajectories of those cells
upon which the above conclusions were based. We now are particularly interested in
determining p(O ip), which is the probability that a cell will turn through an angle 0,
given that it was moving at an angle sp with respect to the source axis before the turn.
Histograms of the tracking data were made by dividing the continuous domain of
angles into a discrete mesh of 150 segments. Results are shown in Figs. 2 a and b.' In
Fig. 2 a we plot, for illustration, the histogram of turn angles when cells were moving
at an angle lying between 0° and 150 "off-axis." Note that when the prior movement
of the cells was in a "positive" direction, they tended to turn through a negative angle,
whereas if moving in a "negative" direction they tended to turn through a positive
angle. Further, the angle distributions seem to be symmetric (given that the small
sample size leads to significant variance). Corresponding results were found for p
lying between 16°-30° and 3l°-45°, but data were too sparse to make a study of yet
larger angles meaningful.
In Fig. 2b we show the resulting p(0) for the three angle groups 00 < < 15°,
15° < so < 300, 300 < s < 450, assuming that the distributions indeed are sym-
metric with respect to the initial direction so that they can be superimposed for posi-
tive and negative travel. [To obtain Fig. 2 b we arbitrarily choose the direction of
motion prior to a turn to be (+), so that a turn towards the axis is indicated as nega-
tive (-).] Note that the distributions are of approximately the same shape, and the
positions of the maxima are only weakly dependent upon vp. (Similar curves are ob-
tained when a 100 mesh is used to form the histograms; however, the distributions vary
somewhat in detail.) Conditional turn-angle distributions, as presented in Fig. 2b, are
used in the theoretical analysis which follows (see Eq. 6). An alternate representation
which emphasizes the slight correlation between turn magnitude and prior direction is
shown in the scatter plot given in Fig. 2c.
For comparison, we show in Fig. 3 the histogram of a turn-angle distribution dis-
cerned for cells moving in the absence of chemoattractant, i.e. without any directional
bias. Although in this case the cell sample differed from that used to determine the
curves presented in Fig. 2, the results are typical of several observations. Figs. 2 b and
3 suggest that the width of the turn-angle distribution seems to narrow when the cells
are in a chemotactic field. On the other hand, due to the procedure used for generating
chemoattractant in these studies, it was difficult to study cell motion in a spatially
homogeneous environment which contained chemoattractant and it may be that the
1The distributions are distorted somewhat in the range o0 < i 1 < 150 since a cell had to move more than lO'
about its axis in order that an event be scored as a turn (see Zigmond, 1974).
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FIGURE 2 Turn-angle distributions obtained from tracking data. (a) Conditional turn-angle
probability p($ ) for turning through an angle 0 when, before a turn, cells were
moving at an angle lying between 0' and 15' with respect to the source axis. Cells have a
strong tendency to turn in the opposite direction of their motion. (The points A pertain to
positive angles, viz., 0° < .pS 15'; the points A pertaining to negative angles -15' S so <O X)
(b) Distribution functions p($ p), obtained by arbitrarily taking the direction before a turn as
(+), so that a turn to a (-) angle corresponds to a turn towards the source axis. These curves
are superpositions of the (assumed) symmetric curves of the type shown in (a). Key: A pertains
to cell motion before a turn such that 0' < P < 15°; * pertains to 16' < soI| .30'; pertains
to 31' < I. 45'. (c) Scatter diagram of the magnitude of turn angles, plotted vs. the angle of
locomotion before a turn.
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FIGURE 3 Turn-angle distribution in the absence of chemoattractant. Although the sample here
differs from that used to deduce the results shown in Figs. 2 a, b, this curve is representative
of several observations that the turn-angle distribution appears to be considerably broader when
cells move without directional bias.
chemoattractant itself causes a contraction in width, irrespective of the presence of the
gradient.
CALCULATIONS FROM A MATHEMATICAL MODEL
To a first approximation the turn-angle probability distribution given in Fig. 2 can be
represented as
p(o I ) = p[O + f(p)], (6)
where p(O) is a symmetric function of 0, andft(p) is given as
r7 ifo > 0.f((p) =~ (7)
-p if < 0.
The equations presented in Eq. 5 specifically pertain to probability distributions of
the form given in Eq. 6 (Nossal, 1976). Note that the form f(q') in Eq. 7 signifies a
bias in the turn-angle distributions whose magnitude is constant but always oppositely
directed to the original motion. For sufficiently narrow p(O) (such as in Fig. 2b),
ft(p) simply equals the mean angle of turn.
The coefficients I(m, 0, 1) appearing in Eq. 5 have the definition (Nossal, 1976)
I(m,0,1) = (27r)- I e-imv e1['Pfi()1do, (8)
so that, for the f(ep) given in Eq. 7, we find
I(m' ,O,) ={ I - ()I-1m)/w(l - m)jsinh7 if I # m
cosmip ifl = m
BIOPHYSICAL JOURNAL VOLUME 16 19761176
In general, the terms $f,I in Eq. 5 are Fourier coefficients of the angle dependence
of the run-length distribution P(rtIp). However, since such angle dependence seems
to be insignificant for leukocyte chemotaxis, the f, are in this case given, trivially,
as
f3i = #0b ,( 10)
where f.o is the first moment of the run-length distribution (Nossal, 1976). Moreover,
as one might expect, IB does not appear in the solution for ao. The latter point
is clarified if we recognize that Eqs. 7-10 imply that Eq. 5 can be rewritten as
ao = 73 E- 21 + 1 p21+1sinf(21 + 1)sp, (llA)
bm(l -Pmcosmp) = 1 b6K- sin1 (12 2) (II B)
l#m
where, we recall, the lb, I are ukknowns. The I pi, are determined from the turn-angle
distributions, viz. (Nossal, 1976)
p = J eilt p(o)d~. (12)
(To obtain Eqs. 11 we also have used the fact that b, = b1.) The Kronecker delta
6Kt has the usual meaning, viz., 6',, = 1 ifm = n and is otherwise zero.2
We shall discuss the evaluation of the I p, shortly. First, however, we find it con-
venient to define Bi, Tm, and Km, as
Bm = 2#o 1jmpmsinmsojbm, (13A)
Tm = (I - pmcosmi)/1(mpmsin m;7), (13B)
Km,l = J4/wr(12 - m2) if l + m is odd
lo if l + m iseven. (13C)
2Eq. 5 has been obtained under the assumption that velocities are not affected by the direction of move-
ment. A simple modification is
00 s~~~~~~~~~~~~~~~~~~~00
2E 113n+i + fin-1iVm-n - ao/mI= Z - p.11(m,0,I)j,
when the velocity distribution p(vl P) is angle dependent. If the Fourier representation of the latter is p(vIP)=
Y,jpi(v)e"i', the coefficient v1 is defined as vi = vo f0 vp1(v) dv, with vo -f0 vpo(v) dv. Note
Krthat if the velocity distribution is not dependent upon p, v, = 6'bo . A cursory analysis of the tracking data
used to deduce Figs. 2 and 3 suggests no significant angle dependence in the velocity distribution, but a care-
ful study has not been performed.
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Some simple manipulation of Eqs. 11 then allow us to express ao as
oc
aO = 2- (A-1)(21+j),,/(21 + 1)2 (14)
X 1-0
where (A-' ),m is the I,m th element of the inverse of a tensor A, the latter being defined
in terms of the expressions given in Eq. 13 as
T, K12 0 K14 0 K16 . . .
K21 T2 K23 0 K25 0 ...
A= 0 K32 T3 K34 0 K36 ... (15)
K4, 0 K43 T4 K45 0 ...
\... . . . . . . . . . . . . . . . . . . ............
Note that the coefficient fBo does not appear, i.e., the run length distribution does not
influence < CI>, even indirectly.
An approximate solution based on Eq. 14 is obtained by setting the order of A to a
finite value. We show in the Appendix that the expression for ao converges rapidly
when tensors of successively higher even orders are chosen. Analytic expressions are
easily derived when approximate tensors of low orders are used, and numerical results
using higher order approximations are easily obtained.
At this point the coefficients I,p need to be specified. A simple analytical approxi-
mation of the distribution function displayed in Fig. 2 is
I - 101@0*
p (0)
O, 101 > 0* (16)
in which case the I pi I are given as
pi = 2[1 - cosl0*]/12[0*]2. (17)
The following section contains results of calculations based on Eqs. 6, 14, and 17.
Further discussion appears in the Appendix.
NUMERICAL RESULTS FOR CHEMOTROPISM INDICES
One attribute of a theoretical model is that its parameters can be manipulated to
elucidate behavior which might not be readily amenable to experimental investigation.
Consequently, we have computed the chemotropism index in order to gain insight into
its dependence on such variables as the width of the turn-angle distribution (charac-
terized by 0*) and the magnitude of the bias offset angle sp (see Eq. 7).
In Fig. 4 we show how <CI > varies as a function of so when f(so) and p(0)
are given by Eqs. 7 and 16, respectively. The chemotropism index increases linearly
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FIGURE 4 Variation of the chemotropism index < Cl> when f (so) and p(0) are represented
by Eqs. 7 and 16. Numerical results derived from Eqs. 14 are shown as a function of bias offset
angle iT, for various turn-angle distributions of differing widths 0*.
FIGURE 5 Chemotropism index when the turn-angle distribution is given as p'(0) = h +
(I - h) p(0), where h/(2v) is the height of a unformly wide "background" component, and p(0)
is given by Eq. 16.
with < for low values of mean angle of turn, maximal chemotactic response being
achieved at a value whose magnitude depends on the width of p(O). If the offset bias
increases beyond this value the chemotropism index slowly decreases, reflecting the
fact that for large values of so the cells overcompensate on turning and tend to "zig-
zag" with excessive amplitude. The transition from randomly directed motion to
strong chemotactic response occurs most rapidly when the width of the turn-angle dis-
tribution is narrow (compare, for example, the curve for 0* = 450 with that for
0* = 90°). Also, the achievable response depends upon the width of the turn-angle
distribution-as the width increases the maximal response decreases. The latter point
is corroborated in Fig. 5. There, results are shown for a situation where p(O) contains
a uniform background term in addition to the distribution given in Eq. 16 (see figure
legend).
From Fig. 2 we discern so to be approximately 35° and 0* to lie between 30° and 45°.
Thus, from Fig. 4 we would predict that the chemotropism index is close to 0.9. (Ac-
tually, the apparent broad "wings" of p(O p) [see Fig. 2] imply that <CI>is
somewhat lower-cf. Figs. 4, 5.) This theoretically inferred value of the chemotropism
index is consistent with the experimentally determined value of 0.85 which was calcu-
lated directly from cinemicrograph projections (Zigmond, 1974).
Parenthetically, we note from Figs. 4 and 5 that, beyond a certain point, large in-
creases in offset bias result in only small changes in the chemotropism index. Thus, if
a "saturation" in chemotactic velocity were to be observed when leukocytes were
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tested by macroscopic observation (e.g., in increasingly steep gradients of chemo-
attractant), it merely might reflect the stochastic nature of the locomotion.
The results shown in Figs. 4 and 5 imply that an efficient mechanism for effecting
chemotactic response would be one which not only imparts a directional bias to
p(O s), but which also sharpens the range of angles over which turns could occur.
(Preliminary evidence suggests that such a narrowing indeed does occur-see Fig. 3.)
Careful experimental studies now should be undertaken to determine, in detail, how
turn-angle bias functions depend on chemoattractant concentration profiles. We note,
however, that observed macroscopic response probably is not qualitatively very sensi-
tive to the form of f(v). This point is illustrated by comparing Figs. 4 and 6. The
latter pertains to a case where the peak of p(O | s) varies with sp (cf. Fig. 2). Specif-
ically, we have chosen f(p) to have the form
(18)i-f +(fP <O,
from which the results shown in Fig. 6 follow. These computations also show that
vectorial turning is the predominant factor in effecting chemotactic response. Accom-
modation-i.e. alterations in the magnitude of the angle of turn as a function of prior
orientation-makes a relatively insignificant contribution to the chemotropism index.
Lastly, we recognize that a more profound explanation of directed cell locomotion
awaits elucidation of the molecular machinery which translates external chemical
stimuli into requisite cytoskeletal alterations. However, the current study draws atten-
tion to the type of information about the stochastic character of cell locomotion
which is needed in order to elaborate an appropriate mechanistic model. Also, we
have tried to develop deeper understanding of the relationships between movement of
individual leukocytes and parameters derived from measurements which are made on
a collection of cells. The resulting theory allows us to examine the manner in which
1.0 - =0.45 =030
0.8 =0.15
0.6
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0.4 - e*=450
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FIGURE 6 Dependence of the chemotropism index upon the offset bias angle, when the latter in-
creases as a function of according to Eq. 18. The turn-angle distribution p(O) has the
form given in Eq. 16, the width having the specific value 0* = 45°. The values e = 0.3,
so = 27°, roughly correspond to the data shown in Fig. 2.
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variation in cell behavior (for example, a change in magnitude of the turn-angle bias)
influences net chemotactic response.
S. Zigmond is a Fellow of the Leukemia Society of America, Inc., and was partially supported by an Ameri-
can Cancer Society institutional grant to the Yale University Medical School.
Receivedforpublication 18 March 1976.
APPENDIX
< CI> for Infinitely Sharp Turn-Angle Distributions
As 0* (see Eq. 16) approaches zero, the chemotropism index tends to the values given in the up-
permost curve of Fig. 4, i.e.
lim <CI> = sins/;T.
e*-o
(19)
Eq. 19 is obtained by noting that when the turn-angle distribution is infinitely sharp (i.e.,
p(O (p) - 6[0 - ft(p)], where [.... .] here is the Dirac delta function), then, for a given initial
angle 'o, the chemotropism index is
CI = I(cos <po + cos (epo - )) (20)
when f(p) is given as in Eq. 7, above, and if the absolute value (po is less than the
magnitude of the turn-angle bias s°. Eq. 20 reflects the fact that in this case a cell would al-
ways alternate directions, moving by strictly defined turns.
On the other hand, when the angle of initial travel exceeds io the first few turns will be
towards the axis until the resultant s becomes less than ;p in magnitude, after which the zig-
1.0 r
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FIGURE 7 Convergence of an approximate solution of Eq. 14 obtained when lb, I are set equal to
zero for I > n, n being the order of the approximation. Solid lines correspond to sp = 15°
(the number in parentheses is the exact value for 0* = O). The dashed line pertains to
sp = 30° and exemplifies larger offset biases.
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zag motion implied by Eq. 20 ensues. However, after a sufficient number of turns have elapsed
such initial history contributes insignificantly to the chemotropism index. Thus, we simply
can average Eq. 20 with respect to angles lying within the region defined by rp. Assuming
that the distribution of ,oO is uniform within that range, we thus find from Eq. 20 that
<CI > is given as
<CI> = 21J [cos o0 + cos(po - i7)]d(°o. (21)
Eq. 19 is obtained from Eq. 21 after performing the integration.
The convergence of the approximate solution of Eq. 14 is illustrated in Fig. 7. In general,
the smaller the value of 0*, the larger the number of non-zero I B, I which must be used. The re-
sults shown in Figs. 4-6 were obtained by taking the order of the approximation to be n = 12.
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